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AN ULTRAMETRIC VERSION OF THE MAILLET-MALGRANGE
THEOREM FOR NONLINEAR q-DIFFERENCE EQUATIONS
LUCIA DI VIZIO
Abstrat. We prove an ultrametri q-dierene version of the Maillet-Malgrange
theorem, on the Gevrey nature of formal solutions of nonlinear analyti q-
dierene equations. Sine deg
q
and ordq dene two valuations on C(q), we
obtain, in partiular, a result on the growth of the degree in q and the or-
der at q of formal solutions of nonlinear q-dierene equations, when q is a
parameter. We illustrate the main theorem by onsidering two examples: a
q-deformation of Painlevé II, for the nonlinear situation, and a q-dierene
equation satised by the olored Jones polynomials of the gure 8 knots, in
the linear ase.
We also onsider a q-analog of the Maillet-Malgrange theorem, both in the
omplex and in the ultrametri setting, under the assumption that |q| = 1 and
a lassial diophantine ondition.
Introdution
In 1903, E. Maillet [Mai03℄ proved that a formal power series solution of an
algebrai dierential equation is Gevrey. B. Malgrange [Mal89℄ generalized and
made more preise Maillet's statement in the ase of an analyti nonlinear dier-
ential equation. Finally C. Zhang [Zha98℄ proved a q-dierene-dierential ver-
sion of the Maillet-Malgrange theorem. In the meantime a Gevrey theory for lin-
ear q-dierene-dierential equations has been largely developed; f. for instane
[Ram78℄, [Béz92b℄, [NM93℄, [FJ95℄.
In this paper we prove an analogue of the Maillet-Malgrange theorem for ultra-
metri nonlinear analyti q-dierene equations, under the assumption |q| 6= 1. It
generalizes to nonlinear q-dierene equations a theorem of Bézivin and Boutabaa;
f. [BB92℄. The proof follows [Mal89℄.
The same tehnique allows to prove a Maillet-Malgrange theorem for q-dierene
equations when |q| = 1, both in the omplex and in the ultrametri setting, under a
lassial diophantine hypothesis: this result generalizes the main result of [Béz92a℄
and answers a question asked therein. Notie that the problem of nonlinear dier-
ential equation in the ultrametri setting is treated in [SSa℄,[SS81℄,[SSb℄, where a
p-adi avatar of diophantine onditions on the exponents is also assumed.
One of the reasons that makes the ultrametri statement interesting is the pos-
sible appliation to the ase when q is a parameter (f. 2 below). For instane,
when q is a parameter, Corollary 5 (f. below) beomes:
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Theorem 1. Suppose that we are given a nontrivial algebrai nonlinear q-dierene
equation
F (q, x, y(x), . . . , y(qnx)) = 0 ,
i.e. F (q, x, w0, . . . , wn) ∈ C[q, x, w0, . . . , wn] nonidentially zero, with a formal so-
lution y(x) =
∑
h≥0 yhx
h ∈ C(q) [[x]]. Then there exist nonnegative numbers s, s′
suh that
lim sup
h→∞
1
h
(
degq yh − s
h(h− 1)
2
)
< +∞
and
lim sup
h→∞
1
h
(
ordqyh − s
′h(h− 1)
2
)
> −∞ .
We ould give a more preise statement in whih 1/s and −1/s′ (with the on-
vention 1/0 = +∞) are slopes of the Newton polygon of the linearized q-dierene
operator of F (q, x, y(x), . . . , y(qnx)) = 0 along y(x) (f. Theorem 6).
In lassial literature on speial funtions, q is frequently a parameter. Basi
hypergeometri equations are the most lassial example in the linear ase, while
the q-analogue of Painlevé equations are nonlinear examples, that has been largely
studied in the last years.
1
This ultrametri q-adi approah to the study of a
family of funtional equations depending on a parameter is peuliar to q-dierene
equations.
Aknowledgement. I would like to thank Changgui Zhang, whose questions are at
the origin of this paper, and Jean-Paul Bézivin for his attentive reading of the
manusript and his numerous interesting omments.
1. Ultrametri q-analog of the Maillet-Malgrange theorem for
|q| 6= 1
Let Ω be a omplete ultrametri valued eld, equipped with the ultrametri norm
| |, and let q ∈ Ω be an element of norm stritly greater that 1.2
1.1. Digression on the linear ase. We denote by Ω{x} the ring of germs of
analyti funtions at 0 with oeients in Ω, i.e. the onvergent elements of Ω [[x]].
To the linear q-dierene equation
Ly(x) =
n∑
i=0
ai(x)y(q
ix) = 0 ,
with ai(x) ∈ Ω{x}, we an attah the Newton polygon
(1) Nq(L) = onvex envelop
(
n
∪
i=0
{(i, h) : h ≥ ordx=0ai(x)}
)
.
Of ourse the polygonNq(L) has a nite number of nite sides, with rational slopes,
plus two innite vertial sides. We adopt the onvention that the right vertial side
has slope +∞ and the left one has slope −∞.
Bézivin and Boutabaa have proved the following result:
1
For some examples of formal solutions of Painlevé equations f. for instane [RGTT01℄.
2
We ould have hosen the opposite onvention |q| < 1, whih leads to analogous statements.
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Theorem 2. ([BB92℄) Let g(x) ∈ Ω{x} and y(x) =
∑
h≥0 yhx
h ∈ Ω [[x]] be suh
that Ly(x) = g(x). Then either y(x) ∈ Ω{x} or there exists a positive slope r ∈
]0,+∞[ of Nq(L) suh that ∑
h≥0
yh
q
h(h−1)
2r
xh ,
is a onvergent nonentire series.
1.2. Statement of the main result. Consider an analyti funtion at 0 of n+ 2
variable, i.e. a power series
F (x,w0, w1, . . . , wn) =
∑
k,k0,...,kn>0
Ak,k0,...,knx
kwk00 · · ·w
kn
n ∈ Ω [[x,w0, w1, . . . , wn]] ,
suh that
lim sup
k+
P
n
i=0 ki→∞
|Ak,k0,...,kn |
1
k+
Pn
i=0
ki < +∞ .
Remark that we have assumed, with no loss of generality, that F (0, . . . , 0) = 0. We
are interested in studying formal solutions of the nonlinear analyti q-dierene
equation
(2) F (x, ϕ(x), ϕ(qx), . . . , ϕ(qnx)) = 0 .
To simplify notation for any ϕ ∈ Ω [[x]] we set Φ = (ϕ(x), ϕ(qx), . . . , ϕ(qnx)), and
we denote by σq the usual q-dierene operator ating on Ω [[x]]:
σq : Ω [[x]] −→ Ω [[x]] ,
ϕ(x) 7−→ ϕ(qx) .
For any formal power series ϕ(x) ∈ Ω [[x]], suh that ϕ(0) = 0, let Fϕ be the
linearized q-dierene operator of F along ϕ:
Fϕ =
n∑
i=0
∂F
∂wi
(x,Φ)σiq .
The operator Fϕ being linear, we an dene its Newton polygon Nq(Fϕ) in the
usual way (f. equation 1). We want to prove that, for a solution ϕ(x) of (2), the
positive slopes of Nq(Fϕ) are linked to the q-Gevrey order of ϕ(x):
Denition 3. A formal power series ϕ(x) =
∑
h≥0 ϕhx
h ∈ Ω [[x]] is a q-Gevrey
series (of order s ∈ R) if the series∑
h≥0
ϕh
qs
h(h−1)
2
xh
is onvergent.
We an state our main result:
Theorem 4. Let ϕ(x) ∈ xΩ [[x]] be a formal solution of the equation (2) and let r ∈
]0,+∞] be the smallest positive slope of the Newton polygon of Fϕ. If
∂F
∂wn
(x,Φ) 6= 0,
then ϕ(x) is a q-Gevrey series of order 1/r.3
As a onsequene we obtain:
Corollary 5. Let ϕ(x) ∈ xΩ [[x]] be a formal solution of equation (2). If F (x,w0, w1, . . . , wn)
is not identially zero, then ϕ(x) is a q-Gevrey series (of some nonspeied order).
3
We have impliitly set 1/ +∞ = 0.
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1.3. When q is a parameter... Suppose that F (q, x, w0, . . . , wn) ∈ C[q, x, w0, . . . , wn],
where q is a parameter, and that we have a formal solution ϕ(x) =
∑
h≥0 yhx
h ∈
C(q) [[x]].4 Up to equivalene, there are exatly two ultrametri norm over C(q)
suh that q has norm dierent than 1. For any f(q) ∈ C[q] they are dened by
(1) |f(q)|q−1 = d
− degq f(x)
;
(2) |f(q)|q = d
ordqf(q)
;
where d ∈]0, 1[ is a xed real number. Of ourse, | |q and | |q−1 extends to C(q) by
multipliativity. Notie that |q|q = d < 1 and |q|q−1 = d
−1 > 1.
Taking Ω to be the ompletion of C(q) with respet to | |q (resp. | |q−1), we
immediately see that Theorem 1 is a partiular ase of Corollary 5 and that Theorem
4 beomes:
Theorem 6. Let
∂F
∂wn
(q, x, y(x), . . . , y(qnx)) 6= 0 .
If r ∈]0,+∞] (resp. r′ ∈ [−∞, 0[) is the smallest positive slope (resp. the largest
negative slope) of Fϕ, then
lim sup
h→∞
1
h
(
degq yh − s
h(h− 1)
2
)
< +∞ , with s = 1/r,
and
lim sup
h→∞
1
h
(
ordqyh − s
′h(h− 1)
2
)
> −∞ , with s′ = −1/r′.
2. Examples
2.1. Colored Jones polynomial of gure 8 knot. We onsider the q-dierene
equation satised by the generating funtion of the sequene of invariants of the
gure 8 knot alled the olored Jones polynomials (f. [Gar04, 3℄):
J(q, n) =
n∑
k=0
qnk(q−n−1; q−1)k(q
−n+1; q)k ∈ Z[q, q
−1] , ∀n ∈ N .
The series J (x) =
∑
n≥0 J(q, n)x
n ∈ C(q) [[x]] satises the linear q-dierene equa-
tion[
qσq(q
2 + σq)(q
5 − σ2q )(1 − σ
2
q)
]
y(x)−
x
[
σ−1q (1 + σq)
(
q4 + σq
(
q3 − 2q4
)
+ σ2q
(
−q3 + q4 − q5
)
+σ3q
(
−2q4 + q5
)
+ σ4qq
4
)
(q5 − q2σ2q)(1 − σq)
]
y(x)+
x2
[
q5(1 − σq)(1 + σq)(1 − q
3σ2q )
(
q8 + σq(q
9 − 2q8)− σ2q (−q
7 + q8 − q9) + q7σ3q + q
8σ4q
) ]
y(x)−
x3
[
q10σq(1− σq)(1 + q
2σq)(1 − q
5σ2q )
]
y(x) = 0 .
4
The results that follows are atually true when we replae C by any eld.
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The nite slopes of the Newton polygon are: −1/2, 0, 1/2. It is lear looking at
the leading term of J(q, n) that J (x) annot be a onverging series for the norms
| |q and | |q−1 . Therefore it follows from Bézivin and Boutabaa theorem that
lim sup
n→0
1
n
(
degq J(q, n)− 2
n(n− 1)
2
)
< +∞
and
lim sup
n→0
1
n
(
ordqJ(q, n) + 2
n(n− 1)
2
)
> −∞ .
Notie that modulo the AJ onjeture (f. [Gar04, 1.4℄), those slopes are the same
as the ones dened in [CCG
+
94℄.
2.2. A q-deformation of the seond Painlevé equation. Let us onsider the
nonlinear q-dierene equation assoiated to the analyti funtion at (0, 1, 1, 1):5
F (x,w−1, w0, w1) = (w0 + x)(w0w1 − 1)(w0w−1 − 1)− qx
2w0 ,
namely
(3) (y(x) + x)(y(x)y(qx) − 1)(y(x)y(q−1x)− 1)− qx2y(x) = 0 .
It is a q-deformation of PII . Let ϕ(x) ∈ C(q) [[x]], with ϕ(0) = 1, be a formal
solution of equation (3). Then
Fϕ =
∑1
i=−1
∂F
∂wi
(x, ϕ(q−1x), ϕ(x), ϕ(qx))σiq
=
[(
ϕ(x) + x
)(
ϕ(x)ϕ(qx) − 1
)
ϕ(x)
]
σ−1q
+
[(
ϕ(x)ϕ(qx) − 1
)(
ϕ(x)ϕ(q−1x) − 1
)
+
(
ϕ(x) + x
)
ϕ(qx)
(
ϕ(x)ϕ(q−1x) − 1
)
+
(
ϕ(x) + x
)(
ϕ(x)ϕ(qx) − 1
)
ϕ(q−1x)− qx2
]
σ0q
+
[
(ϕ(x) + x)ϕ(x)(ϕ(x)ϕ(q−1x)− 1)
]
σq
A formal solution of equation (3) is give by
ϕ(x) =
1Φ1(0;−q; q,−q
2x)
1Φ1(0;−q; q,−qx)
= 1 +
q
1 + q
x+ · · · ,
where 1Φ1(0;−q; q, x) is a basi hypergeometri series:
1Φ1(0;−q; q,−qx) =
∑
h≥0
qh(h−1)
(−q; q)h(q; q)h
xh ,
and
(a; q)h = (1− a)(1− aq) . . . (1− aq
h−1) .
A diret and straightforward alulation shows that the Newton polygon of Fϕ is
regular singular, meaning that it has only one nite horizontal slope of length 2,
5
This example is studied in [KMN
+
05, 3.5℄ and [RGTT01, Eq.(2.55)℄, where many other examples
an be found.
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plus the two vertial sides. Therefore Theorem 4 implies that the solution ϕ(x) =
1 +
∑
h≥1 ϕhx
h
onsidered above veries:
lim sup
h→∞
1
h
degq ϕh < +∞ and lim sup
h→∞
1
h
ordqϕh > −∞ .
In other words, the solution ϕ(x) ∈ C(q) [[x]] is onvergent for both the norm | |q
and the norm | |q−1 .
We ould have also remarked that 1Φ1(0;−q; q, x) is a solution of the linear
equation
σ−2q (σq − 1)(σq + 1)y(x) + q
2xy(x) = 0 ,
whose Newton polygon has only a horizontal nite slope. This means that 1Φ1(0;−q; q, x)
is onvergent for both | |q and | |q−1 , and hene that ϕ(x) is also onvergent.
3. Proofs
3.1. Proof of Theorem 4. The proof follows [Mal89℄. It relies on the ultrametri
impliit funtion theorem; f. [A'C69℄, [Ser06℄, [SS81℄.
We set ϕ(x) =
∑
h≥1 ϕhx
h
. For any k ∈ N, let
1. ϕk(x) =
∑k
h=0 ϕhx
h
;
2. ψ(x) be a formal power series suh that ϕ(x) = ϕk(x) + x
kψ(x);
3. Ψ(x) = (ψ(x), ψ(qx), . . . , ψ(qnx)) and Φk(x) = (ϕk(x), ϕk(qx), . . . , ϕk(q
nx)).
Let W = (w0, . . . , wn), Z = (z0, . . . , zn). By taking the Taylor expansion of
F (x,W + Z) at W we obtain:
F (x,W + Z) = F (x,W ) +
n∑
i=0
∂F
∂wi
(x,W )zi +
n∑
i,j=0
Hi,j(x,W,Z)zizj ,
where H(x,W,Z) is an analyti funtion of 2n+ 3 variables in a neighborhood of
zero. Hene we an write:
(4)
0 = F (x,Φ) = F (x,Φk(x)) + x
k
n∑
i=0
∂F
∂wi
(x,Φk)q
ikσiqψ
+x2k
n∑
i,j=0
Hi,j(x,Φk(x), x
kΨ(x))q(i+j)kσiqψσ
j
qψ .
To nish the proof we have to distinguish two ases: r < +∞ and r = +∞.
Case 1. r < +∞. We are going to hoose k ≥ sup(k1, k2+ l+1), where k1, k2, l are
onstruted as follows (f. gure below). First of all let (n′, l) ∈ N2 be the point of
Nq(Fϕ) whih veries the two properties:
1. l is the smallest real number suh that (j, l) ∈ Nq(Fϕ) for some j ∈ R;
2. n′ is the greatest real number suh that (n′, l) ∈ Nq(Fϕ).
Let us onsider the polynomial
L(T ) =
n′∑
i=0
[
1
xl
∂F
∂wi
(x,Φ)
]
x=0
T i .
We hose k1 to be a positive integer suh that for any k ≥ k1, the polynomial L(T )
does not vanishes at qk, and k2 ≥ r(n − n
′). Notie that for any k ≥ k2 + l, the
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smallest positive slope of Nq(Fϕk) is equal to r and the point (n
′, l) is the lowest
point of Nq(Fϕk) with greater absissae.
✻
✲
❳❳❳❳ ✘✘✘
✘✚
✚
✚
✚
✚
l
n
′
n
✻
❄k2
r
Nq(Lϕ)
•
Remark that for any k ≥ sup(k1, k2 + l+ 1) we have
ordx=0
n∑
i=0
∂F
∂wi
(x,Φk)q
ikσiqψ ≥ ordx=0ψ(x) + inf
i=0,...,n
ordx=0
∂F
∂wi
(x,Φk) ≥ l + 1 .
Therefore we an write the linear part of equation (4) in the form
1
xl
n∑
i=0
∂F
∂wi
(x,Φk)q
ikσiqψ = L(q
kσq)ψ + xL˜(x, σq)ψ ,
where L˜(x, σq) is an analyti funtional. Moreover we dedue from equation (4)
that
ordx=0F (x,Φk) ≥ k + l + 1 ,
so that there exists an analyti funtion M(x,w0, . . . , wn) suh that equation (4)
divided by xl+k beomes
(5) L(qkσq)ψ + xL˜(x, σq)ψ + xM(x, x
kΨ) = 0 .
Sine L(qkσq) is a linear operator with onstant oeients and L(q
h) 6= 0 for
any h ≥ k, equation (5) admits one unique formal solution ψ(x) ∈ xΩ [[x]], whose
oeients an be onstruted reursively.
In order to onlude, we have to estimate the Gevrey order of ψ(x). Let us
onsider the following Banah Ω-vetor spae:
Hs,m =


∑
h≥1
ϕhx
h ∈ Ω [[x]] : sup
h≥1
|ϕh||q|
hm−s
h(h−1)
2 < +∞


equipped with the norm∥∥∥∥∥∥
∑
h≥1
ϕhx
h
∥∥∥∥∥∥
s,m
= sup
h≥1
|ϕh||q|
hm−s
h(h−1)
2 .
Sine for any positive rational number s and any pair of positive integers k, h we
have
|q|s
k(k−1)
2 |q|s
k(k−1)
2 ≤ |q|s
(k+h)(k+h−1)
2 ,
the analyti funtional
A(λ, ψ) = L(qkσq)ψ + λxL˜(λx, σq)ψ + λxM(λx, λ
kxkΨ)
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is dened over Ω×Hs,n′ :
A(λ, ψ) : Ω×Hs,n′ −→ Hs,0 ,
and veries
A(0, 0) = 0 and
∂A
∂ψ
(0, 0) = L(qkσq) .
Sine L(qkσq) is invertible, the impliit funtion theorem implies that for any λ in
a neighborhood of 0 there exists ψλ suh that A(λ, ψλ) = 0. The formal solution ψ
of equation (5) being unique, we must have ψλ(x) = ψ(λx) for any λ losed to 0,
whih ends the proof.
Case 2. r = +∞. We hose the point (n′, l) as in the previous ase: sine there
are no nite positive slopes, we have n′ = n. We an dene the polynomial L(T ) in
the same way as before. So we hoose k1 ∈ N suh that L(q
k) 6= 0 for any k ≥ k1
and k2 ∈ N suh that
inf
i=0,...,n
ordx=0
(
∂F
∂wi
(x,Φk)
)
> l
for any k ≥ k2. We dedue that ordx=0F (x,Φk) ≥ k + l + 1 and hene we are
redued, by dividing equation (4) by xl+k, to onsider the funtional
L(qkσq) + λxM(λx, λ
kxkΨ) = 0 .
The same argument as above also allows us to onlude the proof in this ase.
3.2. Proof of Corollary 5. Following [Mal89℄, we are going to show by indution
on n that Theorem 4 implies Corollary 5. Notie that for n = 0 we are in the
lassial ase of Puiseux development of a solution of an algebrai equation (f.
[Mal89℄). So let us suppose n ≥ 1.
If there exists a positive integer k suh that
(6)
∂kF
∂wkn
(x,Φ) 6= 0 ,
we onlude by applying Theorem 4 to the q-dierene equation
∂κ−1F
∂wκ−1n
(x,Φ) = 0,
where κ is the smallest positive integer verifying equation (6).
We now suppose that for any positive integer k we have ∂
kF
∂wkn
(x,Φ) = 0. By taking
the Taylor expansion of F (x,w0, . . . , wn), we an verify that F (x, ϕ(x), . . . , ϕ(q
n−1x), ψ(x)) ≡
0 for any ψ(x) ∈ xΩ [[x]]. In partiular, there exists λ ∈ Ω suh that F (x,w0, . . . , wn−1, λx)
is not identially zero and F (x, ϕ(x), . . . , ϕ(qn−1x), λx) = 0. So we are redued to
the ase n− 1.
4. Complex q-analog of the Maillet-Malgrange theorem for |q| = 1
Let Ω be either the ultrametri eld dened in 1 or the omplex eld C. We
hoose q ∈ Ω suh that |q| = 1 and q is not a root of unity.
To the linear q-dierene equation
Ly(x) =
n∑
i=0
ai(x)y(q
ix) = 0 ,
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with ai(x) = ai,jix
ji + ai,ji+1x
ji+1 + · · · ∈ Ω{x}, we an attah a polynomial
QL(T ) = (T − 1)
n∑
i=0
ai,jiT
i .
We reall the result:
Theorem 7. ( f. [Béz92b, Thm. 6.1℄ and [BB92, Thm. 6.1℄) Let ϕ(x) ∈ Ω [[x]] be
a formal solution of Ly(x) = 0. We suppose that
(H) There exist two onstants c1, c2 > 0, suh that for any root u
of QL(T ) and any n >> 0 the following inequality is satised:
|qn − u| ≥ c1n
−c1
.
Then ϕ(x) is onvergent.
In the nonlinear ase we have the following result that generalizes [Béz92a, 1℄:
Theorem 8. Let ϕ(x) ∈ xΩ [[x]] be a formal solution of the q-dierene equation
(7) F (x, ϕ(x), ϕ(qx), . . . , ϕ(qnx)) = 0 ,
analyti at zero. We make the following assumptions:
(1)
∂F
∂wn
(x,Φ) 6= 0,
(2) the polynomial QFϕ assoiated to the linear operator Fϕ veries the hypoth-
esis (H).
Then ϕ(x) is onvergent.
Remark 9. Notie that the seond hypothesis is always veried in the following
ases:
• if Ω = C and q and the oeients of Q are algebrai numbers (f. [Béz92a,
2.2℄),
• if Ω is an extension of a number eld K equipped with a p-adi valuation,
and q and the roots of Q(T ) are in K (in this ase it is a onsequene of
Baker's theorem; f. for instane [DV02, 8.3℄)
Proof of Theorem 8. The rst part of the proof of Theorem 4 is ompletely formal.
So one again we are redued to onsider equation (5)
L(qkσq)ψ + xL˜(x, σq)ψ + xM(x, x
kΨ) = 0 .
The key-point is the hoie of k >> 1, so that the Newton polygon of the q-
dierene operator L(qkσq) + xL˜(x, σq) oinides with the Newton polygon of Fϕ,
up to a vertial shift.
LetH(0, r) be the Banah algebra of analyti funtions onverging over the losed
disk D(0, r+) of enter 0 and radius r > 0, for r small enough, equipped with the
norm ∣∣∣∣∣∣
∑
n≥0
anX
n
∣∣∣∣∣∣
H(0,r)
= sup
n≥0
|an|r
n .
It follows from [Béz92b, Thm. 6.1℄ and [BB92, Thm. 6.1℄
6
that the operator
L(qkσq) + xL˜(λx, σq) ats on Ω×H(0, r) and hene
A(λ, ψ) : Ω×H(0, r) −→ H(0, r) .
6
Notie that [BB92, Thm. 6.1℄ is formulated only for q-dierene equations with polynomial
oeients, but the same proof as [Béz92b, Thm. 6.1℄ works in the analyti ase.
10 LUCIA DI VIZIO
The impliit funtion theorem also allows us to onlude this ase. 
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